Preprint 

ON A SUMSET PROBLEM FOR INTEGERS 

SHAN-SHAN DU, HUI-QIN CAO AND ZHI-WEI SUN* 

Abstract Let A be a finite set of integers. We show that if k is a prime 
power or a product of two distinct primes then 

\A + k-A\ > (k + l)\A\ - \k{k + 2)/A] 

provided \A\ > (k — l) 2 k\ } where A + k ■ A = {a + kb : a, b G A}. We also 
establish the inequality \A + 4 • A\ > 5\A\ — 6 for \A\ > 5. 



l. Introduction 

For finite subsets A\, . . . , A k of Z, their sumset is given by 

Ai H h A k = {ai H V a n : a ± e A 1 , . . . ,a k e A k }, 

which is simply denoted by kA if A\ = ■ ■ ■ = A k = A. It is known that 

\Ax + • • • + A k \ > \A X \ + • • • + \A k \ - k + 1, 

and equality holds when Ax,...,A k are arithmetic progressions with the 
same common difference. 

Let A be a finite set of integers. For k 6 Z + = {1, 2, 3, . . .}, define 

A; • A := {A;a : a G A}. 

Recently J. Cilieruelo, Y. Hamidoune and O. Serra pQ proved that 

\A + k ■ A\ > (k + 1)\A\ - \k{k + 2)/4] 

if k is a prime and \A\ > 3(A; — l) 2 (fc — 1)!. They also conjectured that for 
every positive integer k the inequality holds when \A\ is large enough. In 
this paper we confirm the conjecture for k = p a ,piP2, where p, p±, P2 are 
prime numbers and a G Z + . 

Theorem 1. Let k = p a with p a prime and a G Z + . Let A be a finite 
subset ofZ with \A\ > (k — l) 2 k\. Then 

\A + k-A\> (k + l)\A\ - \k{k + 2)/A]. (1.1) 
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Theorem 2. Let Pi,P2 be distinct primes and k = p\p%. Let A be a finite 
subset of Z with \ A\ > (k — l) 2 k\. Then 

\A + k ■ A\ > (k + l)\A\ - \k{k + 2)/A]. (1.2) 

Things become much more sophisticated when \A\ is small. For example, 
by Theorem [U if k — 4 then (1.1) holds when \A\ > 216. In fact, we have 
the following refinement. 

Theorem 3. For any finite ACZ with \A\ > 5, we have 

\A + 4-A\ > 5\A\ -6. 

Remark. For a fixed k, the bound given in (1.1) is best possible when \A\ 
is large enough. Moreover, equality holds if and only if A = k-{0, 1, . . . , n} + 
{0,1, ... ,h} for some positive integer n, where 

f k/2 or (k + 2)/2, if k is even; 
\ (k + l)/2, if k is odd. 

However, there is a smaller lower bound when \A\ is small (cf. [2]). 

2. Notation and Elementary Lemmas 



Throughout this paper we use the following notation. For a set A C Z 
with |v4| > 1 and a positive integer fc, we define A as the projection of A into 
Z//cZ. Let j = |A| and A\, A2, . . . ,Aj be the distinct classes of A modulo 
k. Write A; t = kX { + Ui with > Ui < k, i = 1, 2, . . . , j. Clearly \A^\ = \Xi\, 

j j 
A = {jA i = {J(k-X l + u i ) 

i=l i=l 

and Mi, ... , Uj are distinct. Set 

F = {1 > i > 3 : \Xi\ = k}, E = {1 > i > j : < < fe}. 

and 

A rs = (A r + k-A)\(A r + k-A s ), r,s = 1,2,..., j. 
Without loss of generality, we have the following assumption: 

(I) gcd(A) = gcd({a : a G A}) = 1. If d = gcd(A) > 1, replace A by 
A' = {a/d : a e A}. Obviously \A'\ = \A\ and 

\A' + k ■ A'\ = \A + k ■ A\. 

(II) Mi = and > \A 2 \ > ■ ■ ■ > \Aj\. Let A' = A - u x if u x ^ 0. It is 
easy to see that |A | = |A| and 

U' + k ■ A'\ = \A + k ■ A\. 
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(III) j = \A\ > 2. If j = 1 then A = k- A l + u 1 . Clearly 

|A + k ■ A\ = \A X + k ■ Ai\. 
Replace A by Ai. If |Ai| = 1, we repeat the process until \Ai\ > 1. 

Lemma 1 ([2]). For arbitrary nonempty sets B and A = {J J i=1 (k ■ X{ + Ui), 
we have 

(i) \A + k-B\ = J2 3 i= i\Xi + B\. 

(ii) \A + k ■ B\ > \A\ +j(\B\ - 1). 

(in) Furthermore, if equality holds in (ii), then either \B\ = 1 or = 1 
for alii — 1, ... ,j or B and all the sets Xj with more than one element are 
arithmetic progressions with the same difference. 

Lemma 2 (I. Chowla [3J). Let n > 2, and let A and B be nonempty subsets 
ofZ/nZ. IfOeB and (b,n) = 1 for all b e B\{0}, then 

\A + B\ > min{ra, \A\ + \B\ - 1}. 

Lemma 3 (PQ). For each subset I C {1, 2, . . . , j}, we have 

^|A.,|>|/|(|/|-1). 

3. Proof of Theorem Q] 



Lemma 4. Let p be a prime, a G Z + and k = p a . Let A be a nonempty 
finite subset of integers. Denote m = min{l < % < j : p \ m}. 

(i) If i G E\{m\, we have \ Au \ > \A m \. 

(ii) If \X m \ + m — 1 < k, then 

I A mm | > | Ai| + . . . + \A 

m—l • 

If \X m \ + m — 1 > k, we have 

\A m + A\ > (k + l)\A m \ + m(\Ai\ - \A m \) - k. 

Proof, (i) Suppose that i G E\{m}. Note that p \ u m . If p\ui, then (u m — 
Ui,k) = 1. Applying Lemma [21 we have |(Xj + A m )\(Xi + A\)\ > 1. Hence 

|A«| =\(A i + k-A)\(A i + k-A i )\ 

= {(Xi + A^Xi + AJl 

|A m |. 

If p \ Ui, by Lemma [2] we have \(Xi + Ai)\(Xi + A\)\ > 1 and 
\A U \ =\{Ai + k-A)\(A + k-Ai)\ 
> IAA > \A m \. 



4 SHAN-SHAN DU, HUI-QIN CAO AND ZHI-WEI SUN 

(ii) Remember that p\ui, . . . , p\u m _\ and p \ u m . Clearly, (u\ — u m , k) = 
■ ■ ■ = (u m -x — u m , k) = 1. By Lemma [21 we have 

\X m +(A 1 U"-UA t UA m )\>nnn{k, \X m \+t}, t = 1, 2, . . . , m - 1. 

If \X m \ + m — 1 < k, by induction on t, we obtain that 

\(X m + At U • • • U At U A m )\(X m + A m )| > |Ai| + • • • + | A t | 

for t — 1, 2, . . . , m — 1. Therefore 

l^mml = |(X m + A)\(X m + A m )| 

> \At\ + ... + |A m _i|. 

If |X m | + m - 1 > k, then |X m + (ii U . . . U A w )| = k. With the help of 
Lemmas [TJ and [2], we get 

|*m + A| >\X m + A 1 \ + \(X m + A 1 U---U A m )\(X m + A x ) 
> \X m \ + |X m |(|A| - 1) + (k - \X m \)\A m \ 
>(k + l)\A m \ + - |^m|) - fc. 

By the definition of m, it is easy to see that m < p a ~ x + 1. And so 

\X m \ > k + l-m>p a + l-p a - x -1 
> p a ~ x > m — 1. 

Thus 

|X m + A\ > (k + l)\A m \ + m(\Ax\ - \A m \) - k. 
This concludes the proof. I 

Lemma 5. Let p be a prime, a be a positive integer and k = p a . Let A be 
a nonempty finite subset of 7L. Then 

\A + k-A\> (k + 1)\A\ — k\. 

Proof. Let / be the set of integers t such that for every nonempty finite set 
A C Z, 

\A + k- A\ > (t + l)\A\ - (t-l)\k. 

It is known that \A + k ■ A\ > 2\A\ - 1 > 2\A\ - k. So we have lei. 
Suppose that t E I and 1 < t < k. Below we will prove t + 1 E I. 
Let A be any nonempty finite subset of Z. We need to show that 

\A + k ■ A\ > (t + 2)\A\-t\k. 

If j > t, applying Lemma [Q, we immediately get 

\A + k-A\ > \A\+j(\A\-l)> |A| + (t + l)(|A|-l)> (t + 2)\A\-t\k. 
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Now we suppose that j > t. As gcd(A) = 1, the set {1 < i < j : p \ «,} is 
nonempty. Let m = min{l < i < j : p \ Ui}. By Lemma HJ for i G F, we 
have 

\Ai + k-A\ ylXi + k-Xil 

> \Xi\ + ife|Xi| - k 

> \Ai\ + (t + l)\Ai\ - k 

>(t + l)\Ai\ + \Ai\ - k. 
Remember that t G I. Applying Lemma HJ for % G E\ {m}, we get 
\A + k-A\ = \Ai + k- Ai\ + \A U \ 

> ( t + i)\Ai\ - (t - iy.k + \A m \. 

Therefore 

Z\A + k-A\ = £ \Ai + k-A\+ £ \A + k-A\ 

i^m i£F\{m} i£E\{m} 

> (t + 1) £ \M + + \E\{m}\\A m \) 

-(k\F\{m}\ + \E\{m}\{t- l)!fc). 

Casel. |X m | + m — 1 < k. 
In this case, 

|A m + k • A\ = \A m + k ■ A m \ + | A mm | 

>(t+ l)\A m \ - (t - l)\k + \Ax\ + ■ ■ ■ + \A m ^\ 

It follows that 
\A + k ■ A\ = Y\A + k-A\ + \A m + k-A\ 

>(t+ 1)\A\ + (|F\{m}||A| + \E\{m}\\A m \ + \A X \ + ... + |An-i|) 
-(k\F\{m}\ + \E\{m}\(t- l)\k + (t-l)!fc). 

Clearly, 

|F\{m}||Ax| + |£\{m}|L4J + l^il + • • • + \A m -i\ > \A\ 

and 

k\F\{m}\ + |£\{m}|(t - l)!jfe + (t - l)\k < (t - l)\kj < t\k. 

Hence 

\A + k ■ A\ > (t + 2)\A\-t\k. 
Case2. \X rn \ +m — l>k. 
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Applying Lemma SJ we obtain that 
\A + k-A\ = 22\A i + k-A\ + \A m + k-A\ 

> 22 \At + k -A\ + ((k + l)\A n \+m(\A 1 \-\A m \) -k 
>(t+ 1)\A\ + f|F\WPil + \E\{m}\\A m \ + \A m \ + m{\A x \ - \A m \) 



A;|F\{m}| + \E\{m}\(t - l)\k + k ) . 
It's easy to see that 

|F\{m}||Ai| + \E\{m}\\A m \ + |A m |+m(K| - \A m \) > \A\ 

and 

k\F\{m}\ + \E\{m}\(t - l)\k + k < (t - l)\kj < t\k. 
Thus we also get 

\A + k ■ A\ > (t + 2)\A\-t\k. 
In view of the above, we get t + 1 6 /. As a result, k & I. We are done. I 

Proof of Theorem [IJ Now suppose that \A\ > (k — l) 2 k\. Lemma U 
shows \A + k ■ A\ > (k + 1)\A\ — k when j = k. And so (1.1) is valid if j = k. 
Now we assume that j < k. As gcd(A) = 1, the set {1 < i < j : p \ Ui} is 
nonempty. Let m = min{l < % < j ' : p \ uA-. 

Case 1. \Xi\ = k for each i = 1, . . . , j . 

With the help of Lemmas [T] and [3] we conclude that 

\A + k ■ A\ = 22 \Ai + k ■ A\ = £ (\Xi + k ■ Xi\ + \Ai 
i=i i=i ^ 

>22(\X i \+k(\X i \-l) + \A u \) 

8=1 V J 

>(k + l)\A\-jk + j(j-l) 
= (k + l)\A\-j(k + l-j) 
> (k + 1)\A\ - \k{k + 2)/A\. 

Case 2. m e E. 

By Lemme[2J we have \X m + A\ U A m \ > \X m \ + 1. Therefore 

|A mm | = \{X m + A) \ (X m + A m )\ > \A X \. 

Then using Lemma [5] we obtain 

\A + k-A\ =\A m + k- A\+ 22 \Ai + k- A\ 

= \A m + k ■ A m \ + |A mm | + 22 + k ■ A\ 



> ((k + l)\A m \ -k\ + \A 

+ E fo + i)|A|-w) 



1| 



> (k + l)\A\-jk\ + \A 
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Since \A\ > (k — l) 2 k\ > j 2 k\, we have \A X \ > \A\/j > jk\. Thus 

\A + k-A\ > (k + l)\A\. 
Case 3. m G F and there exists s G E. 

In this case Lemma H] implies |A SS | > \A m \. Then applying Lemmas [1] 
and EJ we see that 

\A + k-A\ = \A m + k ■ A\+ \Ai + k ■ A\ 

> \A m + k ■ Ai| + J2 IA- + k ■ Ai\ + \A SS \ 



> (\A m \ + k\A,\ -k) + J2((k+ l)\Ai\ - k\) + |A 



> (k + 1)\A\ -jk\ + \A 

> (A; + l)Ul- 



This completes the proof. 

4. Proof of Theorem [2] 

Lemma 6. Let k be a positive integer and A be a nonempty subset ofTLjkZ. 
For 0/aG Z/kZ, A + a = A if and only if 

A=\J ((k,a)-{0,l,.--,-t--l} + p) 

for some nonempty set I C Z/(k,a)Z and \ \A\. 

Proof. If (a, k) = 1, we easily get that A + a = A if and only if A = Z/kZ 
which yields the Lemma. Below we assume that d = (a, k) > 1. 
Let A = A U A 1 U . . . U A^- 1 with 

A { = {7 G A : 7 = % ( mod (A;, a))}. 

Then we have A* + a = A 1 since A + a = A. We write 

-B = — r and r 



(k, a) (k, a) 

Then B { C Z/j^Z and r G Z/^Z because that A C Z/fcZ and a G 
Z//cZ. It is easy to see that B % + r = B % in the group Z/^^yZ. Observe 
that (pr^y, T^y) = 1 and hence with the help of Lemma [2] we obtain that 

k 

B l = Zl- -Z or B l is empty. 

(k, a) 

Then A 1 = (k, a) ■ {0, 1, • • • , t^j - 1} + i or A 1 is empty. Thus 

A=\j((k,a).{0A r ..,-^--l} + f3) 

pel 1 ' > 

for some nonempty set / C Z/(k,a)Z. 
This proves the Lemma. 
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I 

Lemma 7 (see j3])- Let A and B be nonempty subsets of the abelian group 
G, and let e be any element of G. Let (A(e),B(e)) be the e-transform of 
the pair (A,B), i.e., A(e) = A U {B + e) and B(e) = Bn(A- e). Then 

A(e) + B(e) CA + B 

and 

A(e)\A = e + (B\B(e)). 
If A and B are finite sets, then 

\A(e)\ + \B(e)\ = \A\ + \B\. 
If e e A and G B, then e G A(e) and G B(e). 

Below we set a = a + k7* for a G Z and k G Z + . 

Lemma 8. Let k > 2 be an integer but not a prime. Let A be a nonempty 
subset ofZ/kZ. Let (q,k) ^ 1 and G B C ({0,g} U {6 : (6, fc) = 1}). J/ 
|A + {0,g}| > \A\ + 1, then 

\A + B\ > min(A;, |A| + \B\ - 1). 

Proof. Clearly it is true if \A\ + \B\ > k. Now we assume that \A\ + \B\ < k. 
It is not difficult to deduce that the lemma holds if \A\ = 1 or \B\ < 2. 
Suppose that there exist sets A, B such that 

\A + B\ < \A\ + \B\ - I. 

Then \A\ > 2, \B\ > 3. Choose the pair (A,B) so that the cardinality of 
B is minimal. Since \B\ > 3, there exists an element b G B\ {0,q}. Then 
(b, k) — 1. As A ^ Z/fcZ, according to Lemma El there exists an element 
e E A such that e + 6 ^ A. Apply the e-transform to the pair (A, B). By 
Lemma [71 we have A(e) + -B(e) + and so 

\A(e) + B(e)\ < \A + B\ < \A\ + \B\ - 1 = |A(e)| + |B(e)| - 1. 

Since e e A and G -B, it follows that G 5(e) C B. Since e + 6 ^ A, we 
have 6 ^ A — e, and so 

^5n(A-e) =-B(e). 

Therefore, |-B(e)| < \B\, which contradicts the minimality of \B\. 

This completes the proof. I 

Lemma 9. Let Px,P2 be distinct prime numbers and k = p\p%. Let A be a 
nonempty finite subset of Z. Suppose that gcd(wi, u^, • • • , Uj) = 1. 

(i) If (u 2 ,k) = I, then |A 22 | > |^i| if 2 G E and \Au\ > \A 2 \ if i G 

En{i,3,...,j}. 
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(ii)Suppose that p x = (u 2 , k). Let n = min{ 1 < i < j : pi \ Ui}. Then we 
have 

|A n | > \A 2 \ or p 2 \A n \ if I EE, 
|A«| > or p 2 \A n \ if i G £n{2,3,...,n- 1} 

and 

|Aii| > \A n \ if i £En{n + l,...,j}. 
If n G E then |A nn | > \A 2 \. Moreover, when n G E we have 

\X n + A\ > \A n \+p l \A 1 \-k, if \X n \ >Pi >P2, 

\X n + A\ > \A n \+p 2 \A 1 \ -k, if \X n \ >p 2 >pi, 

\X n + A\> \A n \ + |X n ||Ai| + \A 2 \ + ... + \Ai\ - k, if Pl < \X n \ < p 2 , 

|A nn | > \Ax\ + \A 2 \ + ... + |A,-i|, if \X n \ < p u 

where I = min{n — l,p 2 + 1 — |X n |}. 

Proof, (i) Notice that u\ — and (u 2 , k) = 1. Applying Lemma we get 

Xi = Xi + ii ^ Xi + A 2 for i G £. 

So |An| > \A 2 \ if 1 G E and |A 22 | > |^i| if 2 G -E. For i G £ n {3, . . . , j}, 
we have 

^ + Ai ^ Xi + A 1 or X + A^X + ix. 

It implies \A U \ = \(Xi + A) \ (X + A t )\ > \A 2 \. 

(ii) Assume that 1 G E. If X x + i x ^ X x + i 2 then |An| > |A 2 |. If 
Xi = Xi + Ai = Xi + A 2 , Lemma [6] tells us that there exists / C Jjjp{L 
such that 

Xi = U(pi-{o,V-- ,p 2 -1} + /?). 

Since p x f it n , we have |(Xi + A n )\{X x + A x )\ = p 2 . Then |An| > p 2 \A n \. 
Similarly, |A&| > \A\\ or p 2 |A n | for % G i£ fl {2, . . . ,n — 1}. For i > n and 
j G £, we also have |Ajj| > or p 2 |A n | provided (ui,k) = 1 or y^. If 
p 2 |wi, then («j — u 2 , fc) = 1. In view of Lemma [6j X + A 2 ^ X + Aj. And 
so |A«| > \A 2 \ > \A n \. 

Below we assume that n G E. Since p\ \ u n and k = pip 2 , it is easy to 
see that (u n , k) = 1 or (u n — u 2 ,k) = 1. Therefore 

X n + i n ^ X n + ii or X n + A n ^ X n + A 2 . 

And hence 

|A nn | = \(X n + A)\(X n + A n )\ > \A 2 \. 
With the help of Lemma we get 

|X n + A\>\X n + A 1 \> \X n \ + |X n |(L4 x | - 1) > |X„| + |X n |L4 x | - fc. 
Case 1. < |X„| < p 2 . 



10 SHAN-SHAN DU, HUI-QIN CAO AND ZHI-WEI SUN 

Since \X n \ < p 2 , we have \{x( modp 2 ) : x G X n }\ < \X n \ < p 2 . Observing 
that (p2,u 2 ) = (P2,u 3 ) = ... = (p 2 ,w„_i) = 1 and that \{ui( mod p 2 ) : 2 < 
z < n — 1}| = n — 2, in light of Lemma [2] we get 

\X n + (i x U • • • U > min{p 2 , |X n | + t - 1}, t = 1, 2, . . . , n - 1. 

Hence 

|(X n + A) \ (X n + AO | > |(X n + Ax U • • • U A n _0 \ (^n + AO | 

> |A 2 | + ••■ + |A|, 

where I = min{n — l,p 2 + 1 — Consequently 

\X n + A\ >\x n + A 1 \ + {\A 2 \ + ... + \A l \) 

> \A n \ + |X n ||Ai| + |A 2 | + • ■ ■ + \Ai\ - k. 

Case 2. \X n \ < p\. 

By the definition of n, n < p 2 + 1. Then 

|X n | + n - 1 < pi + p 2 < = k. 

Recall that p\ \ < z < n — 1) and pi \ u n . If there exists 1 < s < n — 1 
with (m s — u n , k) 7^ 1, we must have p 2 \u s — u n . It follows that 

|{l<z<n-l : ( Ui -u n ,k) y£ 1}\ < 1. 

Since < pi, in view of Lemma El we have 

\(X n + (u s - M n )) \ X n | > I. 

Then using Lemma [HI we get 

+ (i 1 U...ui t ui n )|> \X n \ +t, 1 < t < n- 1. 

And so 

|A rm | = |(X n + A)\(X n + A n )| 

> |Ai| + ... + |A,-i|- 
The proof is complete. I 

Lemma 10. Let pi,p 2 be distinct primes and k = p\p 2 . Let A be a 
nonempty finite subset oj ~7L. Then 

\A + k- A\ > (k + l)\A\-k\. 

Proof. Let / be the set of integers t such that for every nonempty finite set 
A C Z, 

\A + k- A\ > (t + l)\A\ - (t-l)\k. 

As mentioned in the proof of Lemma 1 G /. Suppose that t £ I and 
1 < t < k. We will prove t + 1 G / and therefore k G /. 

Let A be any nonempty finite subset of Z. According to the discussion 
in the proof of Lemma El we only need to show that 

\A + k-A\>(t + 2)\A\-t\k (4.1) 
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when j <t. We have known that 

\Ai + k ■ A\ = \Xi + A\> (t + 1)|A| + \Ai\ - k for ieF (4.2) 

and 

\Ai + k ■ A\ = \Xi + A\ > (t + l)\Ai\ -(t- l)\k + \A U \ for % G E. (4.3) 
Case 1. (u 2 , k) = 1. 

If 2 6 F i.e 2 ^ £, by Lemma El we have |A«| > \A 2 \ for z G 
Combining fi~2l and ffl~3]) it follows that 

\A + k-A\ =J2\A l + k-A\ + J2\A t + k-A\ 

i&F ieE 

>{t+ 1)\A\ + |F||A| + \E\\A 2 \ - (k\F\ + \E\{t - 1)!*) 
> (t + 2)|A| -t!Jfe. 

When 2 G J5, we have |A 22 | > |A| and \A U \ > \A 2 \ for i E E \ {2}. 
Hence 

+ A| = £ |A + fc-A + £ |A + *-4 

> (t + 1)|A| + |F||A| + | Ai| + (\E\ - 1)\A 2 \ - (k\F\ + \E\(t - l)!fc) 
>(t + 2)\A\-t\k. 

Case 2. (u 2 , k) = Pi- 

Let n = min{l < i < j : p\ \ Ui}. Observe that 
\A + k-A\ =\A n + k-A\+ £ \A + k-A\ + £ \A + k-A\ 

i£F\{n} ieE\{n} 

>\X n + A\ + (t + l)j:\A t \ + \F\{n}\\A 1 \+ £ |A«| 

i^n i<EE\{n} 

-(k\F\{n}\ + \E\{n}\(t-iy.k) 

>\x n +A\ + \F\{n}\\A l \+ Yi \a u \+ (t+i) j:\m- (t-m-wk- 

i&E\{n} ij^n 

For convenience we denote 

S=\X n + A\ + \F\{n}\\A 1 \+ l A «l- 

i&E\{n} 

In order to get (14.11) . it is sufficient to prove 

S> (t + l)\A n \ + \A\ - (t - l)\k. 

If n G F, then 

\X n + A\> \X n \ + k\A,\ -k>(t+ l)\A n \ + t(|A| - |A*|) + l^il - k. 
Notice that |A#| > \A n \ for every i G E. Thus 

S > (t + i)| Ail + *(|A| - | Ail) + I^IIAI + I^HAI - k 

>(t + i)\A n \ + \A\-(t-iy.k. 

Below we assume n G E. 
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If < P2IA1I; according to Lemma M and (14.3)) . we get 

S > (t+l)\A n \-(t- 1)^ + 1^1 + 1^11^1 

+\A 2 \\En{l}\ + \A l \\En{2,--- ,n-l}\ + \A n \\En{n + l,--- ,j}\ 
>(t + l)\A n \ + \A\-(t-l)\k. 

Now suppose that \Ai > p2\A n \. If \X n \ < p x , then 

s > (t + i)K| - (t - iy.k + iai + • • • + |a,_i| + \Fi\At\ + (|e| - i)K| 

>(t + l)L4 n | + L4|-(t-l)!fc. 
If |X n | > pi > p 2 , then 

+ A\ > \A n \ +p i \A l \ -k = (k + l)\A n \ +pi(\A 1 \ -p 2 \A n \) - k 
>(t + l)\A n \ + \A n \ + (n - l)(|Ai| - pa|A*|) - fc 

since pi > p 2 > n — 1. If \X n \ > p 2 > pi, we also have 

\X n + A\ > \A n \ + P2 \A 1 \-k = (fc+l)|4,| -pi\A n \) - k 

>(t + l)\A n \ + \A n \ + (n- l)(|Ax| -p 2 \A n \) - k. 

With the help of Lemma [91 we deduce that 

S> (t + l)\A n \ + \A\ - (t - l)\k 

when \X n \ > p 1 > p 2 or \X n \ > p 2 > p x . 
If Pi < \X n \ < p 2 , then 

s > \A n \ + \x n \\A 1 \ + Y.\= 2 \M-k + \F\\A l \ 

+p 2 \A n \\En{2,--- ,n-l}\ + \A n \\En{n + l,--- ,j}\ 

> EILi IA| + (|X n | - n + 0|Ai| + (n - 2)p 2 \A n \ + (j - n)\A n \ - k 

> \A\ + (\X n \ + l-2)p 2 \A n \-k. 

Observe that 

\X n \ +1-2 = min{|X„| + n - 3,p 2 - 1} > p x . 

Therefore 

S > \A\ + fcKI - k > \A\ + (t + l)|A n | - (i - l)!Jfe. 
This concludes the proof. I 

Proof of Theorem [2j As mentioned in the proof of Theorem [TJ (11.21) 
is valid if j = k or = k for each i = 1,2, ... ,j. Now we assume that 
j < k and E ^ 0. 

Case 1. (u 2 , k) = 1 

If = k, since 7^ 0, there exists s E E. From LemmaO | A ss | > | ^4.2 1 - 
Then 

\A + k ■ A\ = \A 2 + k ■ A\ + \A S + k ■ A\ + E 1^ + *: • A\ 

> (\A 2 \ + k\A x \ -k) + ((* + 1)|A 5 | - k\ + |A 2 |) 

+ E fe + i)iA|-w) 

>{k + l)\A\. 
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If \X 2 \ < k, it is simple to see |A 2 2| > \Ai\ and 

\A + k-A\ =\A 2 + k- A\ + J2\Ai + k- A\ 

i^2 

= \A 2 + k ■ A 2 \ + |A 22 | + J2 \ A i + k ■ A\ 

i^2 

> ((fc + 1)1^1-^ + 1^1) 

+ £((* + i)|A|-*!) 

>{k + l)\A\-jk\ + \A 1 \ 
>(k + l)\A\. 

Case 2. (u 2 , k) > 1 

If |X n | = fc, we must have s ^ n and s & E. From Lemma[HJ | A ss | > |A n |. 
It implies 

|A + fc - A| = |A„ + A: • A| + \A S + k ■ A\ + £ \A { + k ■ A\ 

> (\A n \ + k\A x \ -k) + {{k + l)\A s \ - k\ + IA, 
+ £ ((* + l)|A|-*l) >(* + l)|A|. 

Next suppose < /c. 
Subcase 1. |Jf n | > p\ and < p 2 |A| 
If \X 2 \ = k, by Lemma [9] |A nn | > \A 2 \ and 

\A + k-A\ = \A 2 + k ■ A\ + \ A n + k ■ A\ + £ | A + A; • A| 

> (\A 2 \ + k\At\ -kj + ((£; + 1)K| - k\ + |A 2 | 
+ £ Uk + l)\A\-^)>(k + l)\A\. 

If \X 2 \ < k, \Ai\ < p 2 \A n \ and Lemma[9]tell us that |A 22 | > \A±\. Hence 
\A + k ■ A\ = \A 2 + k ■ A 2 \ + | + £ |A + fc • A| 



> ((A; + 1)L4 2 | - *! + |A|) + £ ((fc + 1)|A| - fc! 
>(* + l)|A|. 



j^2 



Subcase 2. |X„| > pi and |A| > p 2 \ A n \ 

Since |X n | > p±, in fact we can get \X n + A\ > \A n \ + p x \Ai\ + \A 2 \ — k. 
If \X n \ > pi, then 

|X„ + A| > \A n \ + |X n ||A| - k > \A n \ +pi\A 1 \ + \A 2 \ - k. 

If |X n | = pi, using Lemma El |(X„ + A 2 )\X n \ > 1. So 

|X n + A| > |X n + Ai| + |A 2 | > Kl + |A 2 | - k. 
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While \X 2 \ = k, 

\A + k ■ A\ = \A 2 + k ■ A\ + \A n + k ■ A\ + £ \Ai + k- A\ 

> (\A 2 \ + k\A^ -kj + (\A n \ + Pl \A l \ + \A 2 \ - k) 
+ E ((k + l)\A\-k^)>(k + l)\A\. 

While \X 2 \ < k, then |A 2 2| > \Ai\ or p 2 |Ai|> an d therefore 
\A + k ■ A\ = \A 2 + k ■ A\ + \A n + k ■ A\ + £ + A; • A\ 

> |A 22 | + {\A n \ + p 1 \A 1 \ + 1^2 1 - k) + E ((* + ~ fc! 

>(fc + l)|A|. 

Subcase 3. |X n | < pi 

By Lemma |A nn | > [-Ai j and 

\A + k-A\ = \A n + k ■ A n \ + \A nn \ + J2\A + k-A\ 

>|A„ n |+ £ ((fc+l)|4|-*0 > (fc + l)|A|. 

l<i<? V / 

This completes the proof of Theorem [2J 



5. Proof of Theorem 14.11 



Lemma 11. For k = 4 and A C Z, we /tcroe 
(%) If\A\=2,\A + 4-A\=A. 
(ii) If\A\ = 3, \A + A-A\ >8. 
fmj 7/|A| =4, |A + 4- A| > 12. 

The proof of Lemma [TT] is not difficult, although it takes up several 
lengths. Here we omit the process for simpleness. 

Lemma 12. For \ A\ >5,j = 3 and A = AiUA 2 UA 3 , if\AA < 4, we have 

\Ai + 4-A\> \A\ + 2\A, t \ - 2. 

Proof. As mentioned before, we have A> = 4 • X,i + Ui, \Ax\ > \A 2 \ > \A%\ 
and \ A + A-A\ = \Xi + A\. 

(I) If \Xi\ = 1, in light of Lemma [T] we have 

\Xi + A\ = \X i + A 1 \ + \X i + A 2 \ + \X i + A 3 \ 

> (\Xi\ + \A t \ - 1) + (\Xi\ + \A 2 \ - 1) + (\Xt\ + \A 3 \ - 1) 
>\A\ + 3\Ai\-3 

> |A|+2|A|-2. 
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(II) If \Xi\ = 2, Lemma [2] shows us that |Xj+A| = 4. It is easily to notice 
\{X i +A 1 )\{X i +A 2 )\ > 1 or \(X l +A 2 )\(X i +A 1 )\ > 1. If (X^i^)! = 2 
and | Ai| = \A 2 \, might as well we suppose |(Xj + A 2 ) \ (Xj + Ai)\ > 1. 

If \Xi + A X U A 2 \ > 3, then 

\X t + A\ = \X l + A 1 \ + \(X l + A)\(X l + A 1 )\ 

> \Ai\ + 2L4 1 |-2 + |,4 2 | + |4»| 

> |A|+2|A|-2. 

If \Xi + A X U A 2 \ = 2, noting that \X t + A\ = \X + A 1 U i 2 U A 3 \ = 4, we 
have 

|X, + +| =|X i + ^ 1 U^ 2 | + |X i + ^ 3 | 

= |X, + A,\ + |(X, + A x U A 2 ) \ (X, + A x )\ + \X { + A 3 \ 

> |A| + 2|Ai| - 2 + l + |^| + 2|A3| - 2 

> 1^1 + 21^1-2. 

(III) If \Xt\ = 3, with the help of Lemmas [2] and dH for = 3,4 we 

have 

\X t + A\ > iXi + Ail + dAl-lAil) 

> \Xi + 4 • Xi| + (|A| - > \A\ + 2|A| - 2. 

(IV) If |X;| = 4, since < 4, we get |A| = 4. Let a be the minimal 
element of X, and b be the maximal number of A. Because |Xj| =4 and 
|i| = 3, we have \a + A\ =3 and \X + (A\ \ (b})\ = 4. Then |(X; + 
(Ai\{b}))\(a + A)\ > 3. It turns out that 

|X, + +| > | a + A| + |(X i + (A\W))\(a + A)| + |& + X i | -1 
> \A\ +3 + 4- 1 > \A\ + 2\Ai\-2. 

This completes the proof. I 

Lemma 13. For \A\ > 5, j = 2 , A = A x U A 2 , u x = and 2 \ u 2 , if 

\Ai\ < 4 ; we have 

\A, t + A-A\ > |^| + 3|^|-3. 

Proof. We distinguish four conditions. 

(I) If \Xi\ = 1, we use Lemma fTTl to obtain that for \Ai\ = 1, 2, 3, 4, 

\Xt + A\ = \X i + A i \ + \X i + (A\A i )\ 

> ix. + AI + d^l-IAD + dAI-i) 

> | + | + 3|A| -3. 

(II) If |Xi| = 2, by Lemma [21 we have 3 < |X; + A\ < 4. We divide it 
into two small cases. 

Case 1. \Xi + +|=4. 
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Since |Xj + 4| = 2, by Lemma [TTI and \A\ > 5, we get 
\Xi + A\ = \X i + A i \ + \X i + (A\A i )\ 

> \X i + A-X i \ + 2(\A\-\A i \) 

> |4+3|4| -3. 

Case 2. \X { + A\ = 3. 

We write 77 = | {x G X< : (x + A\4) g + 4)} |. While rj > 2, 
according to Lemma [TT] we have 

|x, + A| > i^ + ^l + d^l-IAI + i) 

> |A|+3|A|-3. 

While 77 = 1, it is easy to see \X t + A\ > \A\ + (\A\ - |A|) > 14 + 3|4| - 3 
for \Ai\ = 2. For \A^\ = 3, we write X { = {si, s 2 , s 3 } with s x = s 2 ( mod 4) 
and Si < S2. Then we have S3 + 4 = si + A\Ai. It will turn out that 

\((s 1 Us 2 )+A\A i )\(s 3 + A i )\ > 1. 

If \A\ > 6, the inequality holds clearly. If \A\ = 5, since \Ai\ = 3, then 
I Ai| = 3. Let A\ = {01,02,03} with ai < 02 < 03 and A2 = {04,05} with 
04 < 05. Because U\ — 0, Oi = 4si, 02 = 4s2 and 03 = 4s3, if inequality 
does not hold, there must be s 3 + ai = Si + a 4 , s 3 + a 2 = Si + a 5 = s 2 + 04 
and S3 + 03 = s 2 + 05. Then 02 — Oi = S2 — si- It is a contradiction to 
ai — 02 = 4(si — s 2 ). From the inequality and Lemma [TTI we have 

\X t + A\ > \Xi + Ai\ + (|A|-|4| + 1) 

> 8+(\A\ -3) + l > |4+3|4|-3. 

For \Ai\ = 4, let Xi = {si, s 2 , S3, S4} with si = S2 = s 3 ( mod 4). Easy to 
know \Xi + 4 • Xi\ > 13 which yields that 

|X, + A| > + + (1^1-1^1) 

> 13 + {\A\ -4) > |A| + 3|4| -3. 

(III) If |Xj|=3, we have |Xj + A\ = 4 and applying Lemma [TTI we get 
\X t + A\ >|X, + A 4 | + (|A|-|4|) 

> 3|4| + - 3) + (\A\ - |4|) > 14 + 3|4| " 3. 

(IV) If \Xi\ = 4, clearly 4| = 4. For |A| = 8, i.e., \A X \ = \A 2 \ = 4, as 
mentioned before suppose \(Xi + A 2 )\(Xi + Ai)\ > 1. = 4 presents that 
|Xj + Ai| = 16. Then it is easy to get 

\Xi + A\> \Xi + Ai| + \(Xi + A 2 )\(X, + 4)1 > 14 + 3|4| - 3. 
For |4 ^ 8, we have \X { + A| > \X t + 4| > |A| + 3|4| - 3. I 

Proof of Theorem 14.11 Through the proof of Theorem [TJ we know that 
without loss of generality we can assume p \ gcd(A). For k — 4, it means 
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that 2 \ u 2 . If \A\ = 4, by Lemma [TJ we have \A + 4 • A\ > 5\A\ - 4 which 
supports Theorem 14.11 Then we can also assume \A\ < 3. 

From Lemmas H2 and [131 we know that for \A\ = 5, |v4 + 4-v4| > 5\A\ -6. 
For \A\ > 6 we prove Theorem 14.11 by induction on \A\. Suppose for any B 
with 5 < \B\ < \A\, we have proved \B + 4 • B\ > 5|5| — 6. To read clearly, 
we divide Theorem 14.11 into three small theorems. 

Theorem 4. For \A\ > 5, \A\ = 3 and \A X \ > \A 2 \ > \A 3 \, if \A 3 \ < A, we 
have 

\A + 4-A\ > 5|A|-6. 

Proof. Case 1. \Ax\ < 4. 
We use Lemma [T2] to obtain 

\A + 4-A\ = \X 1 + A\ + \X 2 + A\ + \X 3 + A\> 5\A\ - 6. 

Case 2. \Ai\ > 5 and \A 2 \ < 4. 

For \X\\ = 4, by Lemmas [Tl and [T2l we have 

\A + 4-A\ =\X 1 + A\ + \X 2 + A\ + \X 3 + A\ 

> \X 1 + A 1 \ + \X 2 + A\ + \X 3 + A\ 

> (5|^i| - 4) + (|A| + 2|A 2 | - 2) + (|A| + 2|A 3 | - 2) 
>5|A| + (1^1-1^21) + (|A 1 |-|A 3 |) -8 

> b\A\ -6. 

For |Xl| < 3, since |A| = 3, applying Lemma H we have \Xi + A\ > \Xi\ 
and clearly 

\A + 4-A\ =\X 1 + A\ + \X 2 + A\ + \X 3 + A\ 

>\X 1 +A-X 1 \ + \A 3 \ + \X 2 + A\ + \X 3 + A\ 

> (5|^i| - 6 + \A 3 \) + {\A\ + 2|A 2 | - 2) + {\A\ + 2|A 3 | - 2) 

> 5|A| + (|A X | - \A 2 \) + \Ax\ - 10 

> 5|A| -6. 

Case 3. |A 2 | > 5 and |A 3 | < 4. 

If |A\| = 4 and \X 2 \ = 4, Lemma [3] tells us |A n | + |A 22 | > 2. So 

\A + 4-A\ =\X 1 + A\ + \X 2 + A\ + \X 3 + A\ 

> (|X a + 4 • Xi| + | A n |) + (\X 2 + 4 • X 2 \ + | A 22 |) + |X 3 + A| 

> (5|Ai| - 4) + (5|A 2 | - 4) + 2 + (\A\ + 2\A 3 \ - 2) 

> 5|A| + ((Ail - |A 3 |) + (|A 2 | - [^ 3 |) - 8 

> 5\A\ - 6. 
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If there is only one element in {|Xi|, \X 2 \} that equals to 4. According to 
Lemma [2, we can get 

\A + 4-A\ =\X 1 + A\ + \X 2 + A\ + \X 3 + A\ 

> 5(1^1 + \A 2 \) - 6 - 4 + \A 3 \ + (\A\ + 2\A 3 \ - 2) 

>5|A| + 1^1 + (1421-1^31) -12 

> 5\A\ -6. 

When \Xx\ < 3 and \X 2 \ < 3, Lemma[2]gives > |Xi| and \X 2 + A\ > 

\X 2 \. Then it turns out that 

\A + 4-A\ =\X 1 + A\ + \X 2 + A\ + \X 3 + A\ 

> (5|A X | - 6 + L4 3 |) + (5|A 2 | - 6 + \A 3 \) + (\A\ + 2\A 3 \ - 2) 

> 5\A\ + \At\ + \A 2 \ -14 

> 5|A| -6. 

I 

Theorem 5. For |A| > 5, |i| = 3 and |A| > |A 2 | > |A 3 |, t/ |A 3 | > 5, we 

L4 + 4- A| > 5L4|-6. 

Proof. As mentioned above, if < 3, by Lemma [2], we get > \Xi\. 

Then 

\X t + A\ > \Xi + Ai\ + \A 3 \. 

(I) If \Xx\ < 3, \X 2 \ < 3 and |X 3 | < 3, then we have 

\A + 4-A\ =\X 1 + A\ + \X 2 + A\ + \X 3 + A\ 

> (5|Ax| - 6 + \A 3 \) + (5\A 2 \ - 6 + \A 3 \) + (5\A 3 \ - 6 + \A 3 \) 

> 5\A\ + 3\A 3 \ - 18 

> 5\A\ - 6. 

(II) If | {i : \Xi\ < 3} | = 2, according to Lemma [TJ we get 

\A + 4 • A\ > 5(\Xi\ + \X 2 \ + \X 3 \) - 6 - 6 - 4 + 2L4 3 | > 5\A\ - 6. 

(III) If | {i : \Xi\ < 3} | = 1, we have to make more careful discussion. 
Case 1. L4.il = \A 2 \ = \A 3 \. 

We may suppose that \X 3 \ < 3 and \Xi\ = \X 2 \ =4. Then we will get 
\Xi + A\ > 5|Ai| - 2 and \X 2 + A\ > 5\A 2 \ - 2. It is useful to notice that 
min(X 1 + A { ) (£X 1 + A k or max(X 1 + A i ) £X 1 + A k if = \X X +A k \. 

If + Ai\ > 5\Ai\ -3 for some i, we have |Xi + (A\Ai)\ > 5\Ai\ -3 and 
|Xi + A| > 5[Ai| —2. If + = 5|v4i|-4, for all i, applying Lemma[I]we 
get that Ax, A 2 and A 3 are arithmetic progressions with the same difference 
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which presents that |An| > 2. For \X 2 + A\, we have the similar result. So 
\A + 4-A\ =\X 1 + A\ + \X 2 + A\ + \X 3 + A\ 

> (5\Ai\ - 2) + (5|A 2 | - 2) + (5\A 3 \ - 6 + \A 3 \) 

> 5\A\ + \A 3 \ -10 

> 5\A\ -6. 

Case 2. \Ai\ = \A 2 \ = \A 3 \ does not hold. 

Since \A 3 \ > 5 we have \A t \ > 6. If |A| > \A 2 \, \ {i : \Xi\ < 3} | = 1 
implies |X 2 + A\ > \X 2 + A-X 1 \ > \A 2 \ + A\A X \ - 4 > 5\A 2 \ or |X 3 + A\ > 
\X 3 + 4-X x | > \A 3 \ +4|Ai| -4 > 5\A 3 \. Hence 

\A + A-A\ = \X 1 + A\ + \X 2 + A\ + \X 3 + A\ 

> 5(1^1 + 1^1 + 1^1) - 6 -4+ |A 3 | 

> 5\A\ -6. 

If \Ai\ = \A 2 \ > \A 3 \, for \X 3 \ < 3, as mentioned before, we have 

\A + A-A\ > (5|A| -4 + 1) + (5|A 2 | -4 + 1) + (51^31-6 + 1^1) > 5|+|-6. 

For |X 3 | =4, \A + A-A\ > 5(b4 x | + \A 2 \) -4- 6+ \A 3 \ + (\A 3 \ + 4\A-l\ -4) > 
5\A\ -6. 

(IV) If |X X | = |X 2 | = \X 3 \ = 4, in light of Lemma El we have |An| + 
IA22I + |A 33 | > 6. Then by Lemma [T] we get 

\A + 4-A\ = \X 1 + A\ + \X 2 + A\ + \X 3 + A\ 

> (\Xt + A,\ + |A n |) + (\X 2 + A 2 \ + |A 22 |) + (\X 3 + A 3 \ + |A 33 |) 

> 5(|A| + \A 2 \ + L4 3 |) - 4- 4- 4 + 6 

> 5\A\ -6. 

I 

Theorem 6. For = 2, A = Ai U i 2 2 f u 2; \A\ > 5 ; we /lave 
L4 + 4- A| > 5|A| -6. 

Proo/. If |X4 < 3, by Lemma El we have \X { + A\ > |X; + A|- 
Case 1. I Ai| < 4. 
According to Lemma [13] we get 

\A + A-A\= \X X + A| + \X 2 + A| 

> (|A| + 3|Ai| - 3) + (|A| + Z\A 2 \ - 3) > 5|A| - 6. 

Case 2. L4 X | > 5 and \A 2 \ < 4. 
While |Xi| = 4, we remark that clearly 

\A + 4 • A\ =\X 1 + A\ + \X 2 + A\>\X 1 + A 1 \ + \X 2 + A\ 

> (5|^| - 4) + (\A\ + 3|A 2 | - 3) = 5|A| + (|A| - |+ 2 |) - 7 

> 5|A| - 6. 
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While \X\\ < 3, plainly we have 

\A + 4 • A\ =\X X + A\ + \X 2 + A\>\X 1 + A 1 \ + \A n \ + \X 2 + A\ 

> (5|^i| - 6 + \A 2 \) + {\A\ + 3\A 2 \ - 3) 
= 5|A| + (|A 1 |-|A 2 |) + |A 2 |-9 

> 5\A\ -6. 
Case 3. |A 2 | > 5. 

For \Xi\ = \X 2 \ = 4, if \Ai\ = \A 2 \, by Lemma [3]we have 
\A + 4 • A\ =\X 1 + A\ + \X 2 + A\> (|Xx + AA + |A n |) + (|X 2 + A 2 \ + |A 22 |) 
> 5|A| -4-4 + 2 > 5\A\ -6. 
If | Ai| > \A 2 \, Lemma [1] helps us to obtain 

|A + 4 - A| = |X X + A\ + |X 2 + A\ > (51^1 - 4) + (|A 2 | + 4|A| - 4) 
= 51^1+4(1^1 - \A 2 \) -8 > 5|A| -6. 

While | {i : < 3} | = 1, then it is simple to get 

\A + A- A\ > 5(| Ai| + \A 2 \) + |A 2 | - 4-6 > 5\A\ -6. 

While | {i : \Ai\ < 3} | = 2, we have 

\A + 4-A\> (5|A| - 6 + \A 2 \) + (5|A 2 | - 6 + |A|) > 5|A| - 6. 

I 

This completes the proof of Theorem 14. 1[ 
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